Recently, stochastic applications of large-scale applied simulation models of agricultural markets have become more frequent. However, stochastic modeling with large market models comes with high computational and management costs for data storage, analysis and manipulation. Gaussian Quadratures (GQ), are efficient sampling methods requiring few points to approximate the central moments of the joint probability distribution of stochastic variables and therefore reduce computational costs. For symmetric regions of integration, the vertices of Stroud's n-octahedron (Stroud, 1957) are GQ formulas of degree 3 with a minimal number of points which can make the stochastic modeling with large economic models manageable. However, we have the conjecture that rotations of Stroud's n-octahedron have an effect on the accuracy of approximation of model results; thus, we test eight different rotations using the European Simulation Model (ESIM). It was found that the 45° rotation yields higher accuracy than the 0° rotation. With the 45° rotation and in models with large regions or variables which strongly determine the outcome of model results such as soft wheat in ESIM, the arrangement of the stochastic variables (A1 or A2) in the covariance matrix or the selected method to introduce correlation (via the Cholesky decomposition -Cor via the diagonalization method -D-) may have a significant effect on the accuracy of the quadratures. With the 45° rotation and with markets where the effect of the different regions or variables on model outcomes are more homogenous as in the case of rapeseed in ESIM, the selection of the arrangements A1 or A2 and the method of introducing correlation C or D may not have a significant effect on the accuracy of the quadratures.
One important aspect of stochastic modeling with large economic models is how to handle dimensionality. Stochastic simulations come with high computational and management costs for data storage, analysis and manipulation. The Food and Agricultural Policy Research Institute (FAPRI) model, AGLINK-COSIMO,3 the European Simulation Model (ESIM) and the Global Trade Analysis Project (GTAP) model are frequently applied large market models that have been modified to incorporate stochastic features, although they handle dimensionality in different ways (see FAPRI-MU, 2011a, Burrell and Nii-Naate, 2013, Artavia, 2014 and Pearson and Arndt, 2000 respectively, for a description of the stochastic features in those models). The FAPRI model uses Latin Hypercube Sampling (LHS) in combination with a reduced model version with less detail than the deterministic version; AGLINK-COSIMO runs over 500 LHS points with high computational and simulation time requirements; and ESIM and the GTAP model make use of Gaussian Quadratures (GQ), which are efficient sampling methods requiring few points to approximate the central moments of the joint probability distribution of the stochastic variables. Stroud (1957) proposed a theorem for the generation of GQ formulas which have the advantage of being very simple to compute and requiring the minimal number of points (Mysovskih, 1966 as cited by Haber, 1970) . In his theorem, Stroud has shown that for symmetric regions of integration one can use the vertices of an ndimensional octahedron, Qn, with certain characteristics as a quadrature formula. In stochastic modeling, a symmetric region of integration is for example the multivariate normal distribution of the stochastic variables. With Stroud's theorem we are able to generate a Qn for the multivariate standard normal distribution with independent stochastic variables and we call it the 'reference Qn'. However, since we work with uncertainties around commodity markets we want the quadratures to consider the observed variance and covariance of the stochastic variables. In order to induce a desired covariance matrix a linear transformation must be applied to the matrix of quadratures obtained from the reference Qn. We call the n-octahedron considering specific covariance matrices the 'transformed Qn.'
The transformed Qn can be rotated in space without changing the degree of precision of the quadrature formula. Nonetheless, in stochastic modeling, the interest is not only in the degree of precision of the quadrature, but also in the location of the sample points. With the rotation of the transformed Qn, the location of points sampling the marginal distributions of the stochastic variables changes significantly and this may have an effect on the accuracy of the quadratures. For example, functions in large market models are often highly dimensional, depending on complex cross relationships or market policies triggered at threshold points (i.e., tariffs, tariff rate quotas -TRQs, export subsidies with quantity limits, production quotas, etc.). This can make the evaluation point of the function an issue that matters.
Stroud-based sampling approaches are convenient as they may result in a considerable reduction of the number of model solves needed in stochastic analyses. However, the level of accuracy of approximation of model results of different rotations of both, the reference and the transformed Qn, has not been sufficiently studied in market models. Furthermore, the accuracy of different rotations has not been tested in large partial equilibrium (PE) models of the agricultural sector as for example AGLINK-COSIMO, the FAPRI model or ESIM. Two articles deal with the topic of accuracy of GQ in computable general equilibrium (CGE) models. Preckel et al. (2011b) assess the performance of two linear transformations of the reference Qn, namely, the ones computed via the Cholesky decomposition and via the Eigensystem of the covariance matrix (the procedure making use of the Eigensystem of the covariance matrix is called the diagonalization method in this article (see Section 3.3). The reference Qn evaluated is the one generated by using Stroud's degree 3 formula (see Stroud, 1957) (2010) which is a GTAP model version that has been specifically tailored to agricultural applications. They make two copies of the GQ derived by either Stroud or Liu which are available in the Systematic Sensitivity Analysis (SSA) in GEMPACK. They stretch one of the copies and shrink the other so as to make it possible to maintain the variances ( Preckel et al., 2011b). Thus, their method results in a duplication of the sample size. They find that the sampling breadth is an important aspect for highly non-linear models.
In this paper we have the hypothesis that different rotations of the transformed Qn may have an effect on the accuracy of approximation of the central moments of the output variables of commodity market simulation models. Thus, the article has the purpose of assessing the performance of alternative rotations of the transformed Qn. For that purpose different quadrature formulas are tested using ESIM. Like Preckel et al. (2011b), we evaluate the accuracy of quadratures obtained with the linear transformations of the reference Qn with 45° of rotation computed via the Cholesky decomposition and via the diagonalization method. Moreover, we also tests two alternative procedures in the generation of the transformed Qn which have not been studied before: (i) to use the reference Qn with the vertices lying on the coordinate axes (0° rotation), and (ii) to use different arrangements of the coordinate system (different arrangements of the stochastic variables in the covariance matrix) when computing the linear transformation of the 45° and 0° reference Qns. Note that the different procedures all result in different rotations of the transformed Qn.
The article is organized as follows: Section 2 gives an overview of ESIM and of the stochastic version used; Section 3 provides the theoretical background of Stroud's theorem and its application to stochastic modeling; Section 4 presents the rotations evaluated; Section 5 introduces the benchmark (the approximation of the true value of model results) for the assessment of the accuracy of the rotations tested; Section 6 presents the results and identifies several factors which contribute to the explanation of the observed differences in accuracy; the final section offers conclusions and briefly describes the future research agenda.
Stochastic version of ESIM
ESIM is a world, comparative static, partial equilibrium, net trade, multimarket model which covers the main agricultural products. It has been designed with a focus on the simulation of medium-term (five to ten years) developments of agricultural markets in the European Union (EU) and accession candidate countries (Croatia, Turkey, and Western Balkan). Thus, it depicts the EU at the Member State (MS) level and includes the market policies of the Common Agricultural Policy (CAP) in detail. The 'Rest of the World' (ROW) is modeled as one aggregate with the exception of the United States of America (USA) which is modeled separately. ESIM has rich cross and input/output relationships between commodities and covers first-stage processing products (dairy, plant oils and biofuels). The model is run with a set of coherent macroeconomic and policy assumptions and solves for the equilibrium where world net exports equal world net imports to determine equilibrium world market prices. For this article, an ESIM version documented in Banse, Grethe and Nolte (2005) is used and policy specifications as well as stochastic extensions are as documented in Artavia (2014.)
In the stochastic version the yields of wheat, barley and rapeseed in all countries/regions are considered as stochastic, accounting for their uncertainty around linear trends. The stochastic terms are incorporated into the respective supply and yield equations. The crops are selected due to their importance in the EU. All 3 crops are Advances in Civil and Structural Engineering (ACSE) ISSN: 2305-8390 Volume.32 2016 www.scholarism.net significant in terms of their share of production in the EU and wheat and rapeseed especially significant in terms of their political importance, wheat as a sensitive food product and rapeseed as the main feedstock for the production of biodiesel.
Due to its focus on the EU, in ESIM the equations for crop supply for the EU Member States are divided in area and yield equations, supply being then obtained by:
In the elements of Z, the first index indicates the country and the crop at the same time and the second index determines the observation year. For example, FR. w, 1 is the value for wheat in France in year one (1961). Thus, the variables of wheat in Eq. (7) Since the elements of Z are deviations from linear trends, the expected value of each stochastic variable is zero. The standard deviations of the stochastic variables differ to an important degree from each other and are presented in Table 1 . Statistical tests showed that most variables are stationary and normally distributed. Thus, for simplicity and since the focus of this article is on the evaluation of different sampling techniques, we assume stationarity and normal distribution for all stochastic variables.
In its deterministic version, ESIM has been developed to simulate medium-term adaptation of agricultural markets to external shocks. In the stochastic version, the model is run to simulate the effects of weather induced short-term yield and supply shocks. For this reason, the parameterization of behavioral yield and supply functions in ESIM is adjusted to simulate the short-run adaptation of markets. Own, input and cross price elasticities of crops and livestock commodities are reduced such that ESIM reproduces observed world market price volatility. Deviates from linear price trends calculated from data by Anderson and Valenzuela (2008) are taken as the basis for the estimation of world market price uncertainty. For the adaptation of elasticities, a new parameter per commodity, ea (elasticity adjustment parameter), is created and both input and output price elasticities are adjusted by it. The final values of the elasticity adjustment parameter are presented in Table 2 .
In the deterministic version, own price and input price elasticities are relatively similar across countries while cross price elasticities diverge to a higher degree. This is a result of the calibration of the system of elasticities to fulfill the conditions derived from economic theory, which are homogeneity of degree zero in input and output prices, symmetry of compensated substitution effects and non-negativity of the own price effect (Banse et al., 2007) . In the calibration process, own and input price elasticities are held constant and only cross price elasticities are allowed to vary (Banse et al., 2007.)
Theoretical background
The following 3 subsections present the theoretical background of Stroud's theorem of numerical integration, its correspondence with discrete approximations of probability distributions, and the transformation of quadratures for the joint standard normal space to quadratures for specific stochastic spaces. A necessary and sufficient condition that 2n pointsx1, ⋯, xn, − x1, ⋯, − xnform an equally weighted numerical integration formula of degree 3 for a symmetrical region is that these points form the vertices of a Qn whose centroid coincides with the centroid of the region and lie on an n-sphere of radius View the MathML source.
. Stroud's theorem
Here, I0 is the n-volume of the region of integration and I2 is the integral of the square of any variable over that region.
Stroud (1957), based on his theorem and with the purpose of generating quadrature points which are interior to the integration region, proposed the following formula for the n-cube (Cn) with vertices (± 1, ± 1, ⋯, ± 1.)
Let γk denote the quadrature point (γ1, γ2, ⋯, γn)T, where:
then, the points γ1, ⋯, γN for N = 2n, satisfy the conditions of the theorem and all are interior to Cn ( Stroud, 1957, p. 260.)
Note that Stroud was confronted with the problem that for the Cn with vertices (± a, ± a, ⋯, ± a) and for n > 3, the radius of the n-sphere on which the vertices that the Qn must lie on is greater than a. Put another way, for n > 3 we have r > a. As a result, if the quadrature points lie on the coordinate axes, these would be outside Cn as the calculation below shows.
Quadrature points outside the region of integration have the problem that the function being integrated may not be defined at those points. To avoid points lying outside Cn, for n > 2, Stroud rotates the Qn so that the vertices are as far as possible from the coordinate axes. Fig. 2 shows the quadrature points obtained with Stroud's formula for the Cn with vertices (± 1, ± 1, ⋯, ± 1) for n = 3. Note that the quadrature points are enumeratedwhere vertices 1-4, 2-5, and 3-6 are opposite to each otherand that the point in the middle indicates the center of the region. It can be observed that the points are the vertices of a Qn whose centroid coincides with the centroid of the region Cn and lie on an n -sphere of radius View the MathML source. It can also be seen how the Qn is rotated. Compared to a 3-octahedron with vertices on the coordinate axes, the vertices of the octahedron in Fig. 2 are rotated by 45° with respect to two axes (such as x and y) and then again by 45° with respect to two other axes (such as x and z). It is difficult to imagine how with growing dimensions, the growing Qn can still be fitted into the Cn. However, note that in Eq. (8), the coordinates for all i and all k take the minimum and maximum values of View the MathML source, which occur when the cosine or the sine part takes a value of ± 1. This shows that these points are inside Cn for all n.
. The reference Qn
Numerical integration formulas for joint distributions have the characteristic that the regions of integration have an associated probability distribution. Thus, their degree of precision is defined by the capacity of matching the central moments of the joint probability distribution. For example, a formula of degree 3 reproduces all central moments up to the 3rd one. The main difference between Stroud's Qn for the Cn with vertices (± 1, ± 1, ⋯, ± 1) and the reference Qn (for the joint standard normal distribution) is its size. This is shown by the derivations below.
Note that the joint standard normal distribution is supported on the entire Euclidian space, En (see Eqs. (14) and (15)). In this way the vertices of the reference Qn will never lie outside the region of integration. However, the marginal distributions could be limited to consider only the intervals of high probability, for example [− 3σ, 3σ] which would cover around 99.7% of their probabilities. As a result, the region of integration would be an nsphere and the vertices of the reference Qn could be outside of it.
Note also that the weights of Stroud's theorem, View the MathML source, applied to multivariate probability distributions result in: View the MathML source
. The transformed Qn
Specific stochastic spaces (the stochastic space expanded by the stochastic variables used in an uncertainty analysis with specific variance and covariance) divert from the definition of symmetric regions used by Stroud (1957) . These are still symmetric regions but the Qn can no longer lie on an n-sphere. Different variances result in the expansion or contraction of marginal probability distributions. Moreover, positive and negative correlation between stochastic variables results in the partial connection of the marginal distributions. If we limit the probability distribution of the stochastic variables to the intervals of high probability, as mentioned in To begin with, we consider an equidistribution of N arbitrary points x1, ⋯, xN ∈ En with weight 1/N and mean E[x] = (1/N)(x1 + ⋯ + xN) = 0. In this case the covariance matrix can be determined by simply gathering these points in an n × N-matrix:
Thus, our problem is reduced to expressing the desired covariance matrix, Σ[z], in the form AAT for a regular square matrix A. There are countless possibilities of doing this. Three standard methods are described below. factorization. Therefore, choosing a different factorization, e.g., B instead of A, will result in BΓ = AOΓ. Geometrically this means rotating the quadratures for the multivariate standard normal distribution (the reference Qn) before applying the transformation to induce the desired covariance matrix.
4.Rotations evaluated
The analysis consists of eight rotations of the transformed Qn. For the generation of the quadratures we follow the procedure described in Section 3: first, to generate the reference Qn and second, to transform the reference Qn for the approximation of the specific stochastic space.
The eight rotations tested are obtained by combining two rotations (0° and 45°) of the reference Qn, two methods to introduce correlation (via the Cholesky decomposition of the covariance matrix and the diagonalization method; see Section 3.3), and two arrangements (A1 and A2) of z (the vector of stochastic variables in Z). With A1, the stochastic variables are arranged in Z as in Eq. (7) . With A2, the variables zROW. w, zROW. b, and zROW. r, which are important for the price determination in ESIM, are located at the beginning of Z. Fig. 3 illustrates the arrangements with A2. To distinguish between the matrices of stochastic data with different arrangements these are called ZA1 and ZA2.
True value
The accuracy with which the numerical integration formulas approximate the integral of f(x) depends not only on the degree of accuracy of the formula, but also on the accuracy with which f(x) itself can be approximated by polynomials ( Haber, 1970) . This depends on the smoothness of f(x), i.e., the number of times that the integrand is (continuously) differentiable ( Haber, 1970 ). If we name the value obtained with a quadrature formula, Q(f(x)), then we can express its approximation error by ( Haber, 1970:) To compare the accuracy obtained by applying different rotations, we choose global prices for the stochastic products as important solution variables and compare them to the approximated true value. The true value is approximated using the Monte Carlo approach of numerical integration; more specifically, the LHS method (see Vose, 2000 for an explanation of the LHS). This approach is not based on interpolation procedures and it has the advantage that due to its nature, the smoothness of f(x) is not essential. Its basic idea is to treat the evaluation of the multiple integral as a probabilistic problem and to investigate it by statistical experiments ( Metropolis and Ulam, 1949). However, the disadvantage is that due to its reliance on random sampling, to obtain the same degree of precision as quadrature formulas based on interpolation, a much greater number of points are required.
In this article, the true values are estimated by searching the convergence point of model results with progressively increasing LHS sample sizes of the stochastic space described in Z. ESIM is run using LHS sample sizes of 50, 100, 200, 500, 1000, 2000, and 4000 points. Fig. 4 shows the results of the analysis. The coefficient of variation (CV), which is an indicator of the second moment of the probability distribution of prices, is the reference for the evaluation of convergence. The first moments are easier to approximate and are thus not presented here. Fig. 4 shows that convergence differs among crops. Convergence of the CV of soft wheat prices is the most difficult to achieve, while convergence of the CV of rapeseed prices is the easiest. For our analysis, LHS4000 is used as the reference point for all three commodities.
Lesser convergence for soft wheat may result from the complex price policies for this product, namely, an intervention price, tariff rate quotas and a threshold price, which are triggered depending on the net trade Fig. 5 .
By comparing the soft wheat graph in Fig. 4 with Fig. 5 it can be seen that convergence is achieved faster in the liberalized market. This indicates that the simulated price policies add complexity to the numerical integration problem. Apparently, the price polices generate function surfaces or manifolds of complicated shape, which make the integration problem more complex.
In Fig. 4 and Fig. 5 , it can also be seen that it is more difficult to approximate the CV of prices of soft wheat (even liberalized, see Fig. 5 ) and barley than rapeseed. Among other reasons, this behavior may occur because, in ESIM, soft wheat and barley have stronger cross relationships with each other than with rapeseed. Thus, stochastic dimensions with a significant effect on the soft wheat and barley markets are more than that for rapeseed, adding further complexity to the numerical integration of these variables.
.Results and discussion

. Results
The accuracy of the eight rotations of the transformed Qn (see Table 3 ) is evaluated in comparison to the estimated LHS4000 value. Fig. 6 displays results and shows that the accuracy of the rotations differs substantially. The core conclusions are: 1) the quadratures based on the 45° rotation are more accurate than those based on the 0° rotation; 2) for quadratures based on the 45° rotation and for soft wheat, the difference between the arrangements of the coordinate system or the selected method to introduce correlation are important; 3) for quadratures based on the 45° rotation and for barley and rapeseed, the differences between linear transformations of the reference Qn are ambiguous; and 4) for quadratures based on the 45° rotation and for barley, systematic lower coefficients of variations than the approximated 'true value' are obtained.
Coefficient of variation (in
Several factors are identified which contribute to the explanation of the observed differences in accuracy: the rotations tested result in very different samples of the stochastic space (in another words, the rotations result in different discrete approximations of the marginal probability distributions of the stochastic variables included as factors to the supply and yield equationssee Eqs. (4) and (5;)) in ESIM, supply changes in large producing countries have stronger effects on prices than changes in small producing countries (asymmetrical consequences on prices of supply shocks in different countries); and in ESIM, the simulated supply shocks to the left and to the right in one country (see Fig. 1 ) result in asymmetrical positive and negative price changes due to the functional forms of supply and demand.
. Rotations result in different samples
Advances in Civil and Structural Engineering (ACSE) ISSN: 2305-8390 Volume.32 2016 www.scholarism.net illustrates how the rotations result in different samples of the stochastic space. It presents the discrete approximations (samples) of the marginal probability distributions of the stochastic variables for soft wheat in the regions 'ROW' and the USA which are the two largest producing regions in ESIM. In addition to the histograms of the samples obtained with the 8 rotations, the histogram of the sample obtained with the LHS method with the size of 4000 points (the one used for the generation of the 'true value') is also given and serves as the reference. In Fig. 7 it can be seen how the rotation of the reference Qn, 0° or 45°, is crucial for the determination of the allocation of the sample points. With the 0° rotations (see left column in the figure) the samples are often characterized by a concentration of points around zero and a few extreme values at the ends of the tails of the marginal distributions. In the case of the quadratures generated with the 45° rotations, the samples are characterized by avoiding points on the tails of the distributions; a systematic concentration of points in one or some parts of the domain of integration cannot be identified.
By analyzing the samples of all the stochastic variables we find that for the 0° rotations, 48% of the variables are approximated with extreme values which are at least 20% lower or 20% higher than the reference min and max values of LHS4000, respectively. For the 45° rotations, 98% of the discrete approximations present min and max points which are at least 20% higher or 20% lower than the reference min and max values, respectively.
The combination of the different samples of the stochastic space with the 0° and 45° rotations and the asymmetries in ESIM (points b and c above), explain the differences in the accuracy of the rotations. The remainder of this section discusses the implication of the asymmetries in ESIM.
. Price changes and large and small producing countries
shows a simplification of the price mechanism in ESIM, with prices being determined at the equilibrium point where net exports equal net imports. In addition, the effect on world market prices of a supply shock in one of the regions is shown. If the region is a large producer, the effect of a supply shock will result in a significant price change. If a country/region is a small producer, the same supply shock (in %) will have only a small effect on the world market price. Fig. 9 shows the supply and demand quantities of soft wheat, barley and rapeseed in the largest regions in ESIM in 2015, the year in which the stochastic runs are applied. Note that ESIM depicts the markets in the EU at the MS level and not as an aggregate; nonetheless, the EU is included in the figure for reference purposes only (bars with line fillings.) it can be seen how soft wheat is particularly asymmetrical with a large region (ROW), a medium size country (USA), and some other rather small countries in the EU. Thus, the approximation of the probability distribution of the stochastic variables of the large regions is of special importance since changes in supply in these regions result in significant changes in prices. This characteristic of the soft wheat market explains the difference in accuracy obtained with the 45° rotation and arrangements A1 and A2 of the covariance matrix Z. The samples of the probability distributions of the stochastic variables of these large regions appear to be very significant in the determination of prices and thus, the small changes in the allocation of the points of those samples in A1 and A2 result in different coefficients of variations of soft wheat prices (see graph for soft wheat in Fig. 6 ). Note also that significant differences are observed for rotations 45°A2C and 45°A2D. This indicates that again, if some regions strongly influence the developments of one market in the model, then small changes in the stochastic sample may significantly affect the approximation of the moments of model results (i.e. the coefficient of variation of prices.)
. Behavioral functions and price changes
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The second important asymmetry in ESIM is that with isoelastic supply and demand functions, positive and negative shocks of equal magnitude result in price changes of different sizes. These differences are particularly strong with inelastic curves, exemplified in Fig. 10 .
A situation as depicted in Fig. 10 occurs in the market for barley in ESIM. The reaction of demand in the ROW, a region that covers around 70% of world demand, is very low. This explains why for all 45° rotations the approximated CVs of barley prices are below the true value. Those rotations avoid points on the tails of the distributions which would result in large price changes. Without those points, the generated CVs are smaller.
The accuracy of the approximation of the CV of rapeseed prices is easier to achieve since this market has fewer asymmetries. Unlike for barley and wheat, neither world supply nor world demand are heavily concentrated in one of the regions of the model. Furthermore, the demand functions are more elastic which results in more symmetrical price changes.
Conclusions and outlook
In this article, we explore the accuracy of i) an alternative (0°) rotation to Stroud's degree 3 formula 45° rotation of the reference Qn, ii) different methods to introduce covariance matrices to standard normal quadratures (via the Cholesky decomposition or the diagonalization method of the covariance matrix), and iii) different arrangements of the coordinate system (A1 and A2). The quadratures are tested in ESIM which is a complex PE simulation model of global agricultural markets. The evaluation of the accuracy of the different quadratures is achieved through comparison with an approximated true value of model results.
It was found that the choice between the 0° and 45° rotation of the reference Qn is crucial for the determination of the accuracy of the quadratures. With high n, the quadratures based on the 0° rotation result in samples with a concentration of points near the center and some few extreme points at the latter ends of the tails of the marginal probability distributions of the stochastic variables. The location of points of those samples combined with asymmetries in ESIM result in an inaccurate approximation of model results. The quadratures based on the 45° rotation result in sample points which avoid the tails of the marginal distributions of the stochastic variables; a systematic concentration of points in one or some parts of the domain of integration cannot be identified. These rotations yield greater accuracy.
In models with large regions or variables which strongly determine the outcome of model results as is the case of soft wheat in ESIM, the arrangement of the coordinate system or the selected method to introduce correlation may also have a significant effect on the accuracy of the quadratures. In these cases, an analysis of the stability of results is recommended. This can be done by repetitive model solves with different arrangements of the stochastic variables in the covariance matrix or by using different linear transformation methods.
With the 45° rotation and with markets where the effect of the different regions or variables on model outcomes are more homogenous as in the case of rapeseed in ESIM, the selection of different arrangements of the stochastic variables in the covariance matrix or of different methods to introduce correlation may not have a significant effect on the accuracy of the quadratures.
The quadratures based on the 45° rotation give an accurate estimate of the uncertainty of model results in ESIM and simplify stochastic analyses by strongly reducing the number of solves required when compared to the LHS sampling method. However, if models are highly asymmetric or with many and strong threshold points, the quadratures may lose accuracy. In these cases, the alternative of using Monte Carlo-based approaches should be evaluated. Factors such as higher computational and management costs vs. accuracy gains must be considered.
As a future research agenda for the refinement of the application of Gaussian Quadratures in large-scale simulation models, one may test rotations from the reference Qn slightly different from 45° (for example 30° or 40°). This may result in the inclusion of values from the tails of the marginal distributions of the stochastic variables and in a higher diversity of points. On the other hand, the dependency on the arrangement of the coordinates may increase. 
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Another area for future research is the stability of the quadratures based on the 45° rotation with higher dimensions. Will the discrete approximations (samples) of the marginal distributions of the stochastic variables always avoid the tail ends of the distributions? One may also test whether and to what extent higher order quadratures approximate the LHS4000 values more accurately.
Finally, the GQ can be evaluated in other PE and CGE models. Through comparison of the performance of the GQ and of model characteristics, factors affecting the accuracy of the quadratures may be identified.
